We investigate the phenomenon of fermionic pairing with mismatched Fermi surfaces in a two-species system in the presence of Feshbach resonance, where the resonantly-paired fermions combine to form bosonic molecules. We observe that the Feshbach parameters control the critical temperature of the gapped BCS superfluid state, and also determine the range over which a gapless breached pair state may exist. Demanding the positivity of the superfluid density, it is shown that although a breached pair state with two Fermi surfaces is always unstable, its single Fermi-surface counterpart can be stable if the chemical potentials of the two pairing species have opposite signs. This condition is satisfied only over a narrow region in the BEC side, characterized by an upper and a lower limit for the magnetic field.
Typically, such a system would consist of two different fermionic atoms (e.g., 6 Li and 40 K) or alternatively, two hyperfine states of the same atom (e.g., states |F = 1/2, m F = 1/2 and |F = 1/2, m F = −1/2 of 6 Li atoms).
Several phases have been proposed to describe the possible ground state of such a system, including the FFLO phase [16, 17, 20] (pairing with non-zero centre-of-mass momentum, where the order parameter shows a spatial variation), the gapless BP (breached pair) phase [1, 2, 3] (pairing with zero centre-of mass momentum: where the order parameter is non zero but the excitation energy becomes zero), and the inhomogeneous phase-separated state [7, 8] , where any two pure states coexist.
In this note, our focus is on the homogeneous and gapless breached pair state, also known as the Sarma state. Sarma [15] , in the early studies of superconductivity, predicted a spatially isotropic, homogenous and uniform state with gapless excitation modes in the presence of a magnetic field. However, for weak coupling BCS theory, this gapless breached pair state marks the maximum of the thermodynamic potential, and thus, cannot be the stable ground state of the system. This is the well-known Sarma instability. In the last few years, several mechanisms were put forward to avoid this instability. According to Forbes et al. [18] , a stable Sarma state is possible in a model with finite range interaction where the momentum dependence of the pairing gap cures the instability. It has also been proposed by a number of workers [6, 19, 20, 21] that the breached pair state becomes stable in the deep BEC regime, if the BCS-BEC crossover picture is taken into account. He et al.,in a very recent work [23] has argued that the breached pair state can be a possible ground state in the weak coupling region for a two-band Fermi system.
To study the breached pair state, we start with a two-species fermionic system. In addition to the weak BCS attraction ( denoted by −g 1 ), we consider a strong interaction (g 2 ) of the Feshbach variety which couples a fermion of type a with a b fermion to form a bosonic molecule B. Our model resembles the one used in [24, 25] , but we extend it to cover the two-species case. The system is described by the Hamiltonian:
Here a p , a † Using this Hamiltonian, we study the effect of the Feshbach parameters first on the gapped BCS superfluid state, and then on the gapless Sarma state, taking a variational approach.
The stability of such a gapless state is analysed ensuring the positivity of the superfluid density [28, 29] . Considering the BCS-BEC crossover picture, we show that the breached pair state is stable only in a narrow region in the BEC side, bounded by two magnetic field values.
GAP EQUATION AND GAPLESS EXCITATIONS
We want to study the ground state of the two-fermion system by a variational method.
We take |Ψ = |F ⊗ |B as the trial form of the ground state of the system. Here |F
.e, the probability of the pair (a p↑ , b −p↓ )being occupied is |V p | 2 , and the probability that it is unoccupied is |U p | 2 = 1 − |V p | 2 , while |B is the ground state for the condensate part of the boson subsystem. Our variational prescription is that |B has to be chosen in such a manner that it is an eigenstate of the annihilation operator B, which would make it a coherent state. In terms of Fock states |B =ΣC n |n . Using the normalization condition, we arrive at |B = exp(−α 2 /2)exp(αB † )|0 . The ground state of the system is consequently given by
where α = √ N B , N B being the expectation value of the total number of bosons in the condensed state.
From the Hamiltonian (1) and the ground state wave function (2), the ground state energy of the system would be
Minimizing E with respect to V p and α we get
where ǫ
We note that this expression matches with the one obtained by Ohashi et al [24] using diagrammatics. In order to avoid a possible ultraviolet divergence, the summation in the right hand side of equation (4) has to be carried over upto a cutoff. For a metallic superconductor, this cutoff is played by ω D , ω D being the Debye frequency. In ultracold atomic systems, the cutoff is determined by the range of the interatomic potential. 
+
and
The critical temperature T C (temperature at which the gap vanishes) is proportional to ∆ 0 , the BCS gap in the weak coupling limit, which is given by [27] 
Here ρ(0) is the density of states in the Fermi level, e is the base of natural logarithms, and ǫ F is the Fermi energy. Thus the value of ∆ 0 ( and T c ) can be raised or lowered by adjusting 2ν, the tunable parameter depending on the Feshbach resonance process.
Next we study gapless excitations.The quasiparticle dispersions as obtained from standard BCS-like treatment is of the form [3, 14] : Depending on the values of particle masses and corresponding chemical potentials, these quasiparticle excitations can be negative, thus leading to gapless excitations. This is possible only if the magnitude of ∆ is less than a critical value ∆ c [3, 14] .
When |∆| > ∆ c , both E 
The difference between p 1 and p 2 gives the span over which we get a gapless region in the If, on the other hand, (μ B −2 ν) = −.5, the gapless phase vanishes entirely (Figure-3 ).
STABILITY ANALYSIS
The stability of a superfluid phase has been studied in different ways like demanding positivity of the superfluid density [21] , ensuring non-negative eigenvalues of the number susceptibility matrix of the system [21, 31] , minimization of thermodynamic potential [8, 22] etc.
Here we adopt the first criterion and demand that the superfluid density n s must be positive. If the fermions are charged, this is equivalent to saying that the Meissner masssquared must be positive [31] , since n s , the superfluid density, and M 2 , the Meissner mass squared obey the relation :
, q being the electronic charge and m, the mass of the particle. In our treatment, we work with the superfluid density directly, since we are talking of a charge neutral Fermi system. However, the term "Meissner mass" can still be used just to continue the analogy with superconductors, as it only serves to express the superfluid density to within a multiplicative constant.
For convenience, we assume that the two species have equal masses. Therefore, equation (9) takes a simpler form: He et al [28, 29] have shown that when the two species have equal masses, the superfluid density can be expressed as
where η = p If ∆ < ∆ c , for n s is to be positive, ηδµ δµ 2 − ∆ 2 has to be less than 1, which is satisfied if η < 1, and |η 2 − 1| > ∆ 2 δµ 2 . Now when both p 1 and p 2 are real and there is a breached pair phase between them (this state has sometimes been termed as BP2 state in the literature [37, 38] ), the bare fermion density can be written as:
Here the first term denotes the contribution from the gapless region between p 1 and p 2 ,
i.e, the normal component. The next two integrals take care of the contributions from the gapped superfluid regimes, one from momenta 0 to p 1 and the other from p 2 to infinity. The terms, when rearranged, gives
p dp)
In the weak coupling limit, the last two integrals are very small, and hence, can be neglected. Therefore, η=1, and n s is negative. Thus, the Sarma state is unstable here. We shift our focus to a special case, where only one of p 1 and p 2 is real ( in the literature, this is called the BP1 state [37, 38] ). In this case the E-p curve resembles figure 4, and the bare fermion density is
This yields η < 1, and thus the stability criterion is fulfilled. Now, from equation (10) Leggett has shown [32] that in the BCS-BEC crossover picture, the chemical potential can be determined by solving the gap and the number equations. Extending these equations to the two species case, we get
where a s is the a − b scattering length and k a F and k b F correspond to the Fermi wave number of the more and the less populated species respectively. Let k ′ denote the wave number corresponding to the breaching point for the BP1 state, i.e, p 2 = k ′ . Converting the sums into integrals, we obtain that in the weak coupling limit,μ = (
)/4m, as expected. In contrast, in the strong coupling limit,
provided k ′2 <<μ (a condition which is satisfied if the population imbalance is small compared to the total population). In this caseμ asymptotically approaches − 2 /2ma 
Therefore,
Our domain of interest is when µ a is positive, and µ b is negative, i.e, while approaching the BEC side, µ b has already crossed zero but µ a has not. Now, µ a and µ b becomes zero at magnetic field values H 1 and H 2 respectively, as sketched in figure (5) , where
Here a s1 , a s2 are the respective values of the scattering length at H 1 and H 2 . Between these two magnetic field values, the Sarma state will be stable.
ESTIMATES OF H 1 AND H 2
Experiments with population-imbalanced fermionic systems have been done by Zwierlein et al. [33, 34] and Partridge et al [35] .They obtained the signature of superfluidity in an unequal mixture of two spin states of 6 Li atoms, and a quantum phase transition between the superfluid state and the normal state was observed at a critical polarization. Another method for experimental detection of the breached pair phase has been suggested by Yi et al. [37] . However, no clear signature of this gapless phase has been obtained till date.
We now use the data obtained from these experiments on population-imbalanced gas of 6 Li atoms [33, 34] to make an estimate of the magnetic field values corresponding to the breached pair Sarma state. To be able to use the expressions (19a,19b), we need to know the scattering length as a function of the magnetic field. This is provided by a s = a 0 1
, where a 0 is the background scattering length, Γ is the width of the resonance, and H 0 is the position of the resonance peak.
We use this expression for scattering length, and put a o = 45.5r 0 (r 0 =Bohr radius), which is the singlet scattering length for 6 Li. We also take n a = 1.8 × 10 7 , n b = 2.6 × , an assumption which does not hold at points where µ a and µ b become zero. However, the values are not unreasonable in view of the fact that in the BCS-BEC crossover picture, the chemical potential falls quite sharply after crossing zero and quickly becomes a large negative quantity.
SUMMARY AND DISCUSSION
Here we have studied a two-species fermionic system in the presence of Feshbach resonance, taking a variational route with an explicit construct of the ground state. The gapless breached pair state was discussed, and its stability was analysed ensuring the positivity of the superfluid density. We showed that a breached pair state with two Fermi surfaces is always unstable, while its single Fermi-surface counterpart is stable when the chemical potential of the two pairing species bear opposite signs.
The stability of the breached pair state is indeed a widely debated issue. Although it has often been suggested that the BP1 state might be stable in deep BEC region, nothing, to the best of our knowledge, was said anything about how 'deep' that really is. In this note, however, we observe that, the requirement that µ a and µ b should be of opposite signs, automatically puts two bounds in terms of the Feshbach magnetic fields, between which the gapless state is stable. Moreover, this stable breached pair state is obtained not in deep BEC, but near the vicinity of the point when the average chemical potential crosses zero, i.e, right after the onset of condensation.
Gubankova et al [31] , while discussing the stability of breached pair states by analysing the number susceptibility, commented that stable gapless states with a single Fermi surface exist for negative average chemical potential. In a recent paper, A. Mishra et al. [22] In their experiment, Zwierlein et al. observed that superfluidity breaks down when the pairing gap ∆ becomes small compared to the chemical potential difference µ a − µ b . We note that this matches with the stability criterion for the BP2 state, since, if ∆ < δµ and η = 1, the state becomes unstable, as seen from equation (11) .
As for the BP1 state, we have shown that this state is stable in a region where µ a and µ b have opposite signs, which can be achieved by keeping the system between two specific magnetic field values. For simplicity we took the two species to have same masses in our calculation, but the treatment should be extendable to a situation where the fermion species are of different masses, as for example in a 6 Li-40 K system.
